A complete classification of binary doubly even self-dual codes of length 40 is given. As a consequence, a classification of binary extremal self-dual codes of length 38 is also given.
Introduction
As described in [26] , self-dual codes are an important class of linear codes for both theoretical and practical reasons. It is a fundamental problem to classify self-dual codes of modest lengths and much work has been done towards classifying self-dual codes over F q for q = 2 and 3, where F q denotes the finite field of order q and q is a prime power (see [26] ).
Codes over F 2 are called binary and all codes in this paper are binary. The dual code C ⊥ of a code C of length n is defined as C ⊥ = {x ∈ F n 2 | x · y = 0 for all y ∈ C}, where x · y is the standard inner product. A code C is called self-dual if C = C ⊥ . A self-dual code C is doubly even if all codewords of C have weight divisible by four, and singly even if there is at least one codeword of weight ≡ 2 (mod 4). It is known that a self-dual code of length n exists if and only if n is even, and a doubly even self-dual code of length n exists if and only if n is divisible by eight. The minimum weight d of a self-dual code of length n is bounded by d ≤ 4⌊ ⌋ + 4 otherwise [20] and [25] . A self-dual code meeting the bound is called extremal.
Two codes C and C ′ are equivalent, denoted C ∼ = C ′ , if one can be obtained from the other by permuting the coordinates. An automorphism of C is a permutation of the coordinates of C which preserves C. The set consisting of all automorphisms of C is called the automorphism group of C and it is denoted by Aut(C).
A classification of doubly even self-dual codes was done for lengths 8, 16 in [23] , for length 24 in [24] and for length 32 in [9] . For length 40, only some partial classifications have been done by various authors. Extremal doubly even self-dual codes of length 40 with automorphism of a prime order p having c cycles have been classified for (p, c) = (19, 2), (7, 5) , (5, 4) in [28] , (p, c) = (3, 6) in [6] , (p, c) = (3, 8) in [16] , and (p, c) = (5, 8) in [29] . The main aim of this paper is to give a classification of doubly even self-dual codes of length 40. Theorem 1. There are 94343 inequivalent doubly even self-dual codes of length 40, 16470 of which are extremal.
As a summary, we list in Table 1 the total number N T (n) of inequivalent doubly even self-dual codes of length n and the number N d (n) of inequivalent doubly even self-dual codes of length n (n = 8, 16, . . . , 40) and minimum weight d (d = 4, 8). A classification of singly even self-dual codes of lengths up to 36 is known [3] , [4] , [9] , [11] , [23] , [24] . As a consequence of Theorem 1, we give a classification of extremal singly even self-dual codes of length 38.
Generator matrices of all inequivalent doubly even self-dual codes of length 40 and extremal self-dual codes of length 38 can be obtained electronically from [12] . All computer calculations in this paper were done by Magma [5] .
Classification method
In this section, we describe how to complete a classification of doubly even self-dual codes of length 40.
Preliminaries
The weight enumerator of a doubly even self-dual code of length 40 can be written as:
where A w denotes the number of codewords of weight w (see e.g. [20] ). The number of distinct doubly even self-dual codes of length n is given [19] by the formula:
King [18] 
Minimum weight 4
Let C be a singly even self-dual code and let C 0 denote the subcode of codewords having weight ≡ 0 (mod 4). Then C 0 is a subcode of codimension 1. The shadow S of C is defined to be C ⊥ 0 \C [10] . There are cosets
Proposition 2 (Brualdi and Pless [8] ). Let C be a self-dual code of length n ≡ 6 (mod 8). Let C 0 , C 1 , C 2 and C 3 be as above. Then
is a doubly even self-dual code of length n + 2.
There are 519492 inequivalent self-dual codes of length 36 [11] . By considering the direct sum of the unique self-dual code of length 2 and each of these codes, we have 519492 self-dual codes of length 38 and minimum weight 2. By Proposition 2, 519492 doubly even self-dual codes of length 40 and minimum weight 4 are constructed.
We examine the equivalence or inequivalence of codes as follows. Let C be a doubly even self-dual code of length 40 and minimum weight d (d = 4, 8) . Let M(C) be the A 8 × 40 matrix with rows composed of the codewords of weight 8 in C, where the (1, 0)-matrix M(C) is regarded as a matrix over Z. We define
where n ij is the (i, j)-entry of M(C) T M(C), and M(C) T denotes the transposed matrix of M(C). The codewords of weight w in C are calculated by the Magma function Words. Note that the codewords of weight 8 in C form a 1-(40, 8, 57) design when C is extremal. This means that n ii = 57 for any i (i = 1, 2, . . . , 40) and max{n ij | 1 ≤ i, j ≤ 40} = 57 when C is extremal. Then we consider the following:
The automorphism group Aut(C) of the code C is calculated by the Magma function AutomorphismGroup. Of course, C and
For a given set of codes, we divided into classes where each class contains codes C with identical α(C). Then we divided the codes in each class into equivalence classes. This was done by the Magma function IsIsomorphic.
In this way, we checked equivalences among the above 519492 doubly even self-dual codes of length 40 and minimum weight 4. Then we obtained the set C 40,4 of 77873 inequivalent doubly even self-dual codes with minimum weight 4 satisfying
This shows that there is no other doubly even self-dual code of length 40 and minimum weight 4. The numbers N(A 4 ) of doubly even self-dual codes of length 40 containing A 4 codewords of weight 4 are listed in Table 2 .
Minimum weight 8
For a set of coordinates I ⊂ {1, 2, . . . , n}, let π :
be the projection to the set of coordinates I, I ′ , respectively, where I ′ = {1, . . . , n} \ I and #I = t. For a code C of length n, the punctured code and the shortened code of C on the set of coordinates I are the codes π ′ (C) and {π ′ (c) | c ∈ C, π(c) = 0}, respectively, where 0 denotes the zero vector. If C is a doubly even code containing the all-one vector 1, then we denote by
mod 2, where wt(x) denotes the weight of x. It is easy to verify that the map q C is well-defined.
Let C i be a doubly even code of length n i containing 1,
is called an isometry if q C 1 = q C 2 • f . The set of isometries (4) is denoted by Φ(C 1 , C 2 ). Note that an isometry exists only if n 1 − n 2 = 2(dim C 1 − dim C 2 ) and n 1 ≡ n 2 (mod 8). For an isometry f ∈ Φ(C 1 , C 2 ), we define a code It is easy to see that D(C 1 , C 2 , f ) is a doubly even self-dual code. Conversely, every doubly even self-dual code of length n 1 + n 2 containing a codeword of weight n 1 can be constructed by this method. Indeed, let x be a codeword of weight n 1 in a doubly even self-dual code C of length n 1 + n 2 . Let C 2 (resp. C 1 ) be the shortened code of C on the support (resp. the complement of the support) of x. Then C 1 and C 2 are doubly even codes. Moreover, C ⊥ 2 (resp. C ⊥ 1 ) is the punctured code of C on the support (resp. the complement of the support) of x. Let π and π ′ denote the projections onto the support of x and the complement of the support of x, respectively. We define f :
For fixed codes C 1 , C 2 , the resulting code D(C 1 , C 2 , f ) depends on the choice of an isometry f . However, some of these codes are equivalent to each other. We will give a sufficient condition for two resulting codes to be equivalent. We need this criterion to reduce the amount of calculation to be reasonable.
First, we define some groups. For a doubly even code C containing 1, we denote by G 0 (C) the subgroup of GL(C ⊥ /C) induced by the action of Aut(C) on the linear space C ⊥ /C and denote by G 1 (C) the subgroup Φ(C, C) of GL(C ⊥ /C). By the definition, the group G 0 (C) is a subgroup of G 1 (C). If we replace f by σ 2 • f • σ 1 , where σ i ∈ G 0 (C i ), then the resulting codes are equivalent, that is,
This means that, in order to enumerate the set of codes {D(C 1 , C 2 , h) | h ∈ Φ(C 1 , C 2 )} up to equivalence, we first fix f ∈ Φ(C 1 , C 2 ), and it suffices to enumerate the codes D(C 1 , C 2 , f • g), where g runs through a set of representatives for the double cosets
We now apply this method with (n 1 , n 2 ) = (16, 24) in order to classify extremal doubly even self-dual codes of length 40. Note that from the weight enumerator (1), such a code has a codeword of weight 16. This means that every extremal doubly even self-dual code of length 40 is equivalent to D(C 1 , C 2 , f ) for some doubly even code C 1 of length 16 containing 1, some doubly even code C 2 of length 24 containing 1, and f ∈ Φ(C 1 , C 2 ). All doubly even codes of lengths 16 and 24 can be found in [21] .
However, if dim C 1 ≤ 2, then the degree of
as a permutation group is too large to perform the double coset enumeration, so we only enumerated codes D(C 1 , C 2 , f ), where C 1 is a doubly even code of length 16 with dim C 1 ≥ 3. Here, the group G 1 (C 1 ) was constructed by the Magma function GOPlus, and the double coset enumeration was performed using the Magma function DoubleCosetRepresentatives. Then we classified the resulting codes using the method described in the previous subsection. In this way, we obtained a set of pairwise inequivalent 16468 extremal doubly even self-dual codes of length 40. It turns out that there are two other codes. One is the code with automorphism group of order 6840 constructed in [28] . The other is the code H (1234) B ′ 6 in the notation of [29] and this code has automorphism group of order 120.
In this way, we obtained the set C 40,8 of 16470 inequivalent extremal doubly even self-dual codes satisfying 
From (3) and (6), it follows that there is no other doubly even self-dual code of length 40. This explains the number N(0) of extremal doubly even self-dual codes of length 40 listed in Table 2 . Therefore, we have Theorem 1.
Some properties
In this section, we give some properties of doubly even self-dual codes of length 40.
The covering radius of a code C of length n is the smallest integer R such that spheres of radius R around codewords of C cover the space F n 2 . It is known that the covering radius is the same as the largest value among weights of cosets. Here, the weight of a coset is the smallest weight of a vector in the coset. The covering radius is a basic and important geometric parameter of a code. Assmus and Pless [2] began the study of the covering radii of (extremal) doubly even self-dual codes.
Let R 40,d be the covering radius of a doubly even self-dual code of length 40 and minimum weight d (d = 4, 8) . Then, by the sphere-covering bound and the Delsarte bound (see [2] ), 6 ≤ R 40,8 ≤ 8 and 6 ≤ R 40,4 ≤ 10. In Table  3 , we list the numbers N(d, R) of doubly even self-dual codes with minimum weight d and covering radius R. This was calculated by the Magma function CoveringRadius. From the above calculation, we have the following: Proposition 3. There is no doubly even self-dual code of length 40 with covering radius 6.
Remark 4. In [14] , based on a preprint by Michio Ozeki, the non-existence of an extremal doubly even self-dual code with covering radius 6 was announced. However, unfortunately, his preprint contained an error and, in his paper [22] he withdrew the above announcement. From the above calculation, the nonexistence of an extremal doubly even self-dual code with covering radius 6 was verified.
Remark 5. The two extremal doubly even self-dual codes with covering radius 7 can be found in [13] and [14] . Now we give some properties of extremal doubly even self-dual codes of length 40. Let σ be an automorphism of odd prime order p. If σ has c independent p-cycles and f fixed points, then σ is said to be of type p-(c, f ). All extremal doubly even self-dual codes of length 40 with automorphism of type p-(c, f ) are known for p ≥ 5 (see [15, Table 3] ). The cases with (p, c) = (3, 6) and (3, 8) were considered in [6] and [16] , respectively. The numbers N(p, c) of inequivalent extremal doubly even self-dual codes with automorphism of type p-(c, f ) are listed in Table 4 for (p, c) = (3, 6), (3, 10) and (3, 12) . It is claimed in [6, Theorem 12] that N(3, 6) = 16. However, we In Table 5 , we list the numbers N(# Aut) of extremal doubly even selfdual codes with automorphism groups of order # Aut.
As we mentioned at the end of Subsection 2.3, we have the following: Proposition 7. Let C x denote the shortened code of C on the complement of the support of a codeword x. Then there are two inequivalent extremal doubly even self-dual codes C of length 40 such that dim C x ≤ 2 for all x ∈ C with wt(x) = 16.
Although the condition given in Proposition 7 can be characterized by the vanishing of a coefficient in the weight enumerator of genus 3 (see [27] ), we have not been able to prove Proposition 7 directly, without classifying all extremal doubly even self-dual codes of length 40.
In Table 6 , we list the numbers N(dim) of extremal doubly even selfdual codes such that subcodes generated by codewords of weight 8 have dimension dim. The dimension is the same as the 2-rank of the 1-(40, 8, 57) design formed by the codewords of weight 8. 4 Extremal self-dual codes of length 38
Let D be a doubly even self-dual code of length 40. Let C be the code obtained from D for which some particular pair of coordinates i, j are 00 and 11 and deleting these coordinates. Then C is a self-dual code of length 38. Here, we say that C is obtained from D by subtracting coordinates i, j. In addition, any self-dual code of length 38 is obtained from some doubly even self-dual code of length 40 by subtracting some two coordinates (see [9] ). Due to the computational complexity, we only completed a classification of extremal self-dual codes of length 38. Note that there are at least 13644433 inequivalent self-dual codes of length 38 [11] . Any extremal self-dual code C of length 38 and its shadow S have one of the following weight enumerators [10] : 
Although the following two lemmas are somewhat trivial, it is useful in finding extremal self-dual codes of length 38. Lemma 8. Any extremal self-dual code of length 38 with weight enumerator (7) (resp. (8)) is obtained from some extremal doubly even self-dual code of length 40 (resp. some doubly even self-dual code of length 40 containing one codeword of weight 4) by subtracting some two coordinates.
Proof. Let C be an extremal self-dual code of length 38 with weight enumerator (7) (resp. (8)). By Proposition 2, a doubly even self-dual code C * of length 40 is constructed. In addition, by (7) (resp. (8)), C * is extremal (resp. C * contains one codeword of weight 4). The code C is obtained from C * by subtracting the last two coordinates. The result follows.
For the remainder of this section, we suppose that D is either an extremal doubly even self-dual code of length 40 or a doubly even self-dual code of length 40 containing one codeword of weight 4. Also, let D i,j denote the self-dual code of length 38 obtained from D by subtracting two coordinates i, j. By Lemma 9, from all inequivalent extremal doubly even self-dual codes and all inequivalent doubly even self-dual codes containing one codeword of weight 4, we constructed extremal self-dual codes of length 38 which need be checked further for equivalences. Then we checked equivalences among these codes using the method similar to that given in Section 2. Finally, we have the following: Proposition 10. There are 2744 inequivalent extremal self-dual codes of length 38. Of these 1730 have weight enumerator (7) and 1014 have weight enumerator (8).
Remark 11. A classification of extremal self-dual codes of length 38 was very recently obtained in [1] by somewhat different techniques. This was indicated by Jon-Lark Kim in a private communication [17] .
In Table 7 , we list the numbers N(# Aut) of extremal self-dual codes with automorphism groups of order # Aut for both weight enumerators (7) and (8) .
Some historical comments (July 27, 2012). A classification of extremal self-dual codes of length 38 was completed in [1] , and a classification of all self-dual codes of length 38 was completed in [7] . The paper [1] was submitted before this paper was submitted, and the paper [7] was submitted after this paper was submitted. 
